Methods are described for testing whether an observed sample is consistent with it being from a mixture (in unknown proportions) of two specified symmetrical populations. The tests use only very simple sample statistics. Possible tests for use when more complete sample data are available are also mentioned.
Introduction
In this report we consider situations in which it is expected that a given (univariate) population may be a mixture of two known populations in unknown proportions w: I -w. It is desired to construct tests of this hypothesis which are robust with respect to variation in w. We further restrict ourselves to using only simple functions of the data -the total of all sample values, and proportions between fixed limits. Two specific test procedures -A and B -will be developed, and their appropriate powers evaluated, in the case when the two component populations are normal with common variance. More powerful tests could be constructed using individual sample values, but the statistics used in tests A and B can sometimes be obtained when more detailed information cannot. For example, total weight of 1000 items is more expeditiously obtained than the 1000 individual weights. So also is the number of items with weight exceeding a specified value. These are the statistics used in test A. In test B, the proportion of items with weight between fixed limits is used.
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If the two estimators and differ greatly, this may be regarded as evidence that X is not in fact distributed as a mixture of the two specified components.
If n is not too small, it is likely that and will be approximately normally distributed. If X is distributed as a mixture of the two specified distributions, the expected value of is zero, whatever be the value of w.
A A If var(wX-Wy) were also independent of w, the ratio which can be computed without knowing the value of w, should have approximately a unit normal distribution.
Inserting (I.Z), (Z.Z) and (4) in (3) we obtain
If the component distributions are continuous with density functions
where
If we take e =~(~1+~2) and if Pr[X =~(~1+~2)] = 0, (which is certainly true if X has a continuous distribution) then because of the symmetry and identity of shape of the component distributions (7.1) and (7.2)
As a consequence
which does not depend on w. We note that this can also be the case when the component distributions are not symmetrical, provided they are not identical in shape, but are mirror-images of each other.
In the particular case where the component distributions are normal
where <p (u) f~oo <j>(t) dt and
So, in this case If X is distributed as a mixture, in any proportions, of the two specified normal distributions, then the statistic has zero mean and unit standard deviation, and is approximately normally distributed for sufficiently large n.
We propose to use, as critical region for test A,
where > and a is the (approximate) significance level of the test.
Power of Test A.
There are so many plausible kinds of departure from hypothesis (of a mixture of two specified distributions) that it is inevitable that power with respect to some alternatives will be low, even when there is substantial discrepancy between the alternative and the hypothesis tested. It is desirable that circumstances where this may happen should be recognized. Such recognition is aided by a knowledge of some features of variation in power in typical cases.
Here, we will study power against the alternative that X has a single homogeneous normal distribution with expected value~and standard deviation t.
Then, for the test A described at the end of Section 2
where 
with P as given in (10).
On this basis approximate powers of test A with approximate 5% significance level (critical region were calculated, with respect to alternatives defined by~and , so chosen that the mean and variance agree with those of a mixture of the two specified distributions. This is achieved by taking (13) with Table 1a shows results of these calculations. It is to be expected that higher powers will be attained for other values of T. When~. 0, the approximate power remains constant as n increases.
It is, in fact, equal to -1
Some numerical values (with T given by (13) Clearly this is not satisfactory. Test B, to be described in Section 4
will usually have a power increasing with n, even when~= o. For each of the two component destributions, Y i has the same distribution, which it will also have for a mixture, in any proportion, of these distributions. When the component distributions are normal Y i has a "folded normal" distribution.
Our test B uses as test statistic the proportion of Y.~values which are less than~1~l-~21. This is just the proportion of Xi values falling between the two component expected values~l and~2 ' Tables 2a and 2b give approximate powers of this test (at approximate 5% level) with respect to the same alternatives as in Tables la and lb. The critical region uses both tails of the distribution of the test statistic. The number of Xi's between~l and 2 has a binomial distribution with parameters n,~(a-ll~1-~21) -~if the hypothesis tested is valid.
Comparison of Tables 1 and 2 shows that although test B is mostly more powerful than test A this is not always the case. In Table 2a it is noteworthy that the power of test B does not vary greatly with I~/~ll until l~/~ll approaches 1 (when, of course, it tends to the significance level). 
